Abstract. This paper studies the Ratliff-Rush closure and the integral closure of an ideal in a valuation and Prüfer domains. By definition, the RatliffRush closure (respectively the integral closure) of an ideal I of a domain R is the ideal Given byĨ := S (I n+1 : R I n ) (respectively I ′ := {x ∈ R|x satisfies an equation of the form x k + a 1 x k−1 + · · · + a k = 0, where a i ∈ I i for each i ∈ {1, . . . , k}}). An ideal I is said to be a Ratliff-Rush (respectively integrally closed) ideal ifĨ = I (respectively I = I ′ ). We completely characterize valuation and Prüfer domains such that every ideal is a Ratliff-Rush ideal, and domains for which each ideal generated by two elements is integrally closed.
Introduction
Let R be a commutative ring and I a regular ideal of R, that is, I contains a nonzero divisor. The ideals of the form (I n+1 : R I n ) := {x ∈ R/xI n ⊆ I n+1 } increase with n. In the case where R is a Noetherian ring, the union of this family is an interesting ideal, first studied by Ratliff and Rush in [30] . In [20] , W. Heinzer, D. Lantz and K. Shah called the idealĨ := (I n+1 : R I n ) the Ratliff-Rush closure of I, or the Ratliff-Rush ideal associated with I. An ideal I is said to be a RatilffRush ideal, or Ratliff-Rush closed, if I =Ĩ. Among the interesting facts of this ideal is that, for any regular ideal I in a Noetherian ring R, there exists a positive integer n such that for all k ≥ n, I
k =Ĩ k , that is, all sufficiently high powers of a regular ideal are Ratliff-Rush ideals, and a regular ideal is always a reduction of its Ratliff-Rush closure in the sense that IĨ n =Ĩ n+1 for some positive integer n. Also the idealĨ is always between I and the integral closure I ′ of I, that is, I ⊆Ĩ ⊆ I ′ , where I ′ := {x ∈ R/x satisfies an equation of the form x k + a 1 x k−1 + · · · + a k = 0, where a i ∈ I i for each i ∈ {1, . . . , k}}. Therefore, integrally closed ideals, i.e., ideals such that I = I ′ , are Ratliff-Rush ideals. Since then, many investigations of the Ratliff-Rush closure of ideals in a Noetherian ring have been carried out, for instance, see [19] , [31] , [25] , etc. The purpose of this paper is to extend the notion of Ratliff-Rush closure of ideals to an integral domain and examine ring-theoretic properties of this kind of closure. In the second section, we characterize valuation domains such that each nonzero integral ideal is a Ratliff-Rush ideal. It turns that such domains are exactly the strongly discrete valuation domains (Theorem 2.6). We also give a complete description of the Ratliff-Rush closure of a nonzero ideal in a valuation domain (Proposition 2.8), and we state necessary and sufficient condition under which the Ratliff-Rush closure preserves inclusion (Proposition 2.9). The third section deals with Prüfer domains. Here, we give a new characterizations of Prüfer and strongly discrete Prüfer domains. Specifically, we prove that "a domain R is a Prüfer (respectively a strongly discrete Prüfer) domain if and only if R is integrally closed and each nonzero finitely generated proper integral ideal (respectively each nonzero ideal) of R is a Ratliff-Rush ideal" (Theorem 3.1). It turns that a Ratliff-Rush domain (i. e., domain such that each integral ideal is a Ratliff-Rush ideal) is a quasi-Prüfer domain, that is, its integral closure is a Prüfer domain. As an immediate consequence, we recover Heinzer-Lantz-Shah's results for Noetherian domains (Corollary 3.5). The fourth section is devoted to the integral closure of ideals in an integral domain. Our main result asserts that "an integral domain is a Prüfer domain if and only if each nonzero integral ideal generated by two elements is integrally closed" (Theorem 4.4). In the last section, we extend the Ratliff-Rush closure and the integral closure to arbitrary fractional ideals of a domain R, and we investigate their links to the notions of star and semistar operations. We prove that "for a valuation domain V , the Ratliff-Rush closure is a star operation if and only if every nonzero nonmaximal prime ideal of V is not idempotent, and in this case it coincides with the v-closure" (Theorem 5.2), and "for an integral domain R, the integral closure is a semistar operation of finite character which coincides with the b-operation on R" (Theorem 5.3).
Throughout, R denotes an integral domain, qf (R) its quotient field, and R ′ and R its integral closure and complete integral closure respectively. For a nonzero (fractional) ideal I of R, the inverse of I is given by I −1 = (R : I) := {x ∈ qf (R)|xI ⊆ R}. The v-closure and t-closure are defined respectively by I v = (I −1 ) −1 and I t = J v where J ranges over the set of f. g. subideals of I. We say that I is divisorial (or a v-ideal) if I = I v , and a t-ideal if I = I t . Unreferenced material is standard as in [16] or [24] .
Ratliff-Rush ideals in a valuation domain
Let R be an integral domain. An ideal I of R is said to be L-stable (here L stands for Lipman) if R I := (I n : I n ) = (I : I), and R is called L-stable if every nonzero ideal of R is L-stable. An ideal I of R is said to be stable if I is invertible in its endomorphism ring (I : I), and R is called a stable domain provided each nonzero ideal of R is stable. Sally and Vasconcelos [32] used this concept to settle Bass'conjecture on one-dimensional Noetherian rings with finite integral closure. Recall that a stable domain is L-stable [1, Lemma 2.1]. For recent developments on stability (in settings different than originally considered), we refer the reader to [1, 27, 28, 29] . We start this section with a few general results that are useful in the sequel. Definition 2.1. Let R be an integral domain and I a nonzero integral ideal of R. The Ratliff-Rush closure of I is the (integral) ideal of R given bỹ I = (I n+1 : R I n ). An integral ideal I of R is said to be a Ratliff-Rush ideal, or Ratliff-Rush closed, if I =Ĩ, and R is said to be a Ratliff-Rush domain if each nonzero integral ideal of R is a Ratliff-Rush ideal.
Our first result establishes a connection between stability, idempotency, and the Ratliff-Rush closure. Proof. 1) Let I be a stable ideal of R and set T = (I : I). Then I(T : I) = T . Now, let x ∈Ĩ. Then x ∈ R and xI s ⊆ I s+1 for some positive integer s. Composing the two sides with (T : I) and using the fact that I(T : I) = T , we obtain xI s−1 ⊆ I s . Iterating this process, we get xT ⊆ I. Hence x ∈ I and therefore I =Ĩ, as desired. 2) Let I be a nonzero idempotent ideal of R. Then for each n, I n = I.
It's easy to see that for a finitely generated ideal I of a domain R, in particular if R is Noetherian,Ĩ ⊆ I ′ . Our next result shows that this is not the case for an arbitrary ideal of an integral domain.
Proof. Suppose that there exists a nonzero prime ideal P of R such that P 2 = P . Let 0 = a ∈ P and set I = aP . Then for each positive integer n, I n = a n P . So (I n+1 : I n ) = (a n+1 P : a n P ) = a(P : P ). HenceĨ ⊆ a(P : P ). Conversely, since a ∈ P , then a(P : P ) ⊆ P (P : P ) ⊆ P ⊆ R. On the other hand, a(P : P )I = a 2 P = I 2 . Hence a(P : P ) ⊆ (I 2 : R I) ⊆Ĩ and thereforẽ I = a(P : P ). Now, we claim that a ∈ I ′ . Otherwise, a satisfies an equation of the form a k + c 1 a The next proposition relates the Ratliff-Rush closure to the L-stability.
Proof. Assume that R is a Ratliff-Rush domain. Let I be a nonzero (integral) ideal of R and let x ∈ R I . Then there exists a positive integer n such that
Since dxI ⊆ R, then dxI ⊆ (dI) = dI (since R is Ratliff-Rush) and so xI ⊆ I. Hence x ∈ (I : I) and therefore R I = (I : I). So I is L-stable and therefore R is L-stable, as desired.
It's well-known that the maximal ideal M of a valuation domain V is either principal or idempotent, any nonzero prime ideal P of V is a divided prime ideal, that is, P V P = P , and any idempotent ideal is a prime ideal. Also we recall that a valuation domain is a T P domain, that is, for each nonzero ideal I of V , either 
Composing the two sides by I −s , we obtain xQ = xII
Since V is strongly discrete, then so is V Q . Hence Q = aV Q for some a ∈ Q (as a non idempotent maximal ideal of V Q ). Therefore I = xQ = xaV Q = xa(I : I). Hence I is strongly stable (i.e., principal in (I : I)) and therefore a Ratliff-Rush ideal by Lemma 2.2, which is absurd. Hence x ∈ I and thereforeĨ = I, as desired.
Combining Lemma 2.2, Theorem 2.6 and [1, Proposition 2.10], we get the following corollary.
Corollary 2.7. Let V be a valuation domain. The following statements are equivalent.
The next proposition describes the Ratliff-Rush closure of a nonzero integral ideal in a valuation domain. 
n is an idempotent ideal of V . Hence I n = P is a prime ideal of V . Then I ⊆ P ⊆ I and therefore I = P , as desired.
Since V is a T P domain, then Q is a prime ideal, (I : I) = V Q and for each positive integer n, I
n I −n = Q. Let x ∈Ĩ. Then x ∈ V and xI n ⊆ I n+1 for some positive integer n. So xQ = xI n I −n ⊆ xI n+1 I −n = IQ. Hence x ∈ (IQ : V Q) and thereforeĨ ⊆ (IQ : V Q). Now, assume that I Ĩ V .
for each positive integer n. Let x ∈ (I : I) and z ∈Ĩ. Then z ∈ V and zI r ⊆ I r+1 for some positive integer r. Since (I :
for some positive integer s. Hence I s ⊆ xI s+1 ⊆ I s+1 (since (I : I) = (I s+1 : I s+1 )) and therefore I s = I s+1 . Hence I s = I 2s and therefore I = P is an idempotent prime ideal of V . By Lemma 2.2,Ĩ =P = V , which is absurd. Hence xz ∈ V . So xz ∈Ĩ and then xĨ ⊆Ĩ. Hence x ∈ (Ĩ :Ĩ) and therefore V Q = (I : I) ⊆ (Ĩ :Ĩ). To complete the proof, we will show thatĨ = (IQ : V Q). Since V Q = (I : I) ⊆ (Ĩ :
Ĩ , a contradiction. It follows thatĨ = (IQ : V Q), as desired.
Our next proposition shows that the Ratliff-Rush closure of an ideal I in a valuation domain is itself a Ratliff-Rush ideal, and gives necessary and sufficient condition for preserving the Ratliff-Rush closure under inclusion. V . By the claim in the proof of Proposition 2.8, V Q = (I : I) ⊆ (Ĩ :Ĩ) = (J : J) = V P , where P = JJ −1 . So P ⊆ Q. Let x ∈J. Then x ∈ V and xJ n ⊆ J n+1 for some positive integer n. Composing the two sides with J −n and using the fact that
2) Assume thatĨ ⊆J for every ideals I ⊆ J. Suppose that there is a nonzero nonmaximal prime ideal P of V such that P 2 = P . Let a ∈ M \ P , where M is the maximal ideal of V . Since V is a valuation domain, then P aV = I. By Lemma 2.2 and the hypothesis, V =P ⊆Ĩ = aV ⊆ M , which is absurd.
Conversely, assume that each nonzero nonmaximal prime ideal of V in not idempotent and let I ⊆ J ideals of V . If I =Ĩ, orJ = V , then clearlyĨ ⊆J. IfĨ = V , by Proposition 2.8, I = P is an idempotent prime ideal of V . By the hypothesis, I = M . So M = I ⊆ J ⊆ M . Then I = J = M and soĨ =J. Hence we may assume that
V ⊆ V Q . Since I is an ideal of (I : I) = V Q , then x −1 I ⊆ Q. So I ⊆ xQ ⊆ĨQ = IQ ⊆ I. Therefore I = xQ. If Q is nonmaximal, by the hypothesis, Q 2 Q. Hence Q = aV Q for some nonzero a ∈ Q (since Q is the maximal ideal of V Q ). Hence I = xQ = xaV Q = xa(I : I). So I is strongly stable and by Lemma 2.2,Ĩ = I, which is absurd. Hence Q = M and I = xM . If M is principal in V , then so is I and thereforeĨ = I, which is absurd. 
for some g 1 , g 2 , g 3 and g 4 in R. Dividing the equation (E 1 ) by b 4 , we get:
Without loss of generality, we may assume that g 1 = 0 or g 2 = 0 (otherwise, g 1 = g 2 = 0 implies that −x 2 + g 3 x + g 4 = 0, and so x ∈ R ′ ⊆ R ′ N , absurd). Assume that g 1 = 0. Multiplying the second equation (E 2 ) by g 3 1 , we get: 
Dividing by b 3 , we get x 2 = hx 3 + g 3 x + g 4 . So
, which is absurd. Hence h = 0. Now, multiplying the equation (E 5 ) by h 2 , we get (hx)
Write ha = bm for some m ∈ N . Substituting in the equation (E 4 ), we get a 2 b = a 2 bm + g 3 ab 2 + g 4 b 3 and canceling with b, we get a 2 = a 2 m + g 3 ab + g 4 b 2 . Dividing by b 2 , we get
′ is a Prüfer domain.
Proof of the Theorem i) =⇒ ii) By Lemma 3.2, R is a Prüfer domain. Moreover, if each ideal is a Ratliff-Rush ideal, by Lemma 2.2, R is strongly discrete.
(ii) =⇒ (i). Let R be a Prüfer domain. Then every finitely generated ideal is invertible and therefore a Ratliff-Rush ideal by Lemma 2.2. Assume that R is a strongly discrete Prüfer domain. Let I be a nonzero ideal of R and let x ∈Ĩ. Then x ∈ R and xI s ⊆ I s+1 for some positive integer s. Let M be a maximal ideal of R.
Since R is strongly discrete, then R M is a strongly discrete valuation domain. By Theorem 2.6, IR M = IR M . Hence x ∈ IR M . So x ∈ {IR M /M ∈ M ax(R)} = I. Hence I =Ĩ, as desired.
The following example shows that the above Theorem is not true if R is not integrally closed.
Example 3.3. Let Q be the field of rational numbers, X an indeterminate over Q and
Then R is stable. Indeed, Let I be a nonzero (integral) ideal of R. Since R is local with maximal ideal M , then I ⊆ M . If I is an ideal of V , then I = cV for some c ∈ I. If I is not an ideal of V , then I = m(W + M ), where We recall that an overring T of a domain R is said to be t-linked over R if I −1 = R implies (T : IT ) = T for each finitely generated ideal I of R. A domain R is said to be t-linkative (respectively super-t-linkative) if each overring of R is t-linked over R (respectively t-linkative)(see [8] ). Also, we recall that a domain R is said to be strong Mori if R satisfies the ascending chain conditions on w-ideals [10] . Trivially, a Noetherian domain is strong Mori and a strong Mori domain is Mori. The next corollary shows that the Ratliff-Rush property forces a strong Mori domain to be Noetherian. Recall that R is seminormal if for each x ∈ qf (R), x 2 , x 3 ∈ R implies that x ∈ R. Our next corollary states some conditions under which a Ratliff-Rush Mori domain has dimension one. Prüfer domain (Corollary 3.6), then R is super-t-Linkative ( [8, Corollary2.5] ) and so B is t-Linkative. By [9, Theorem2.6] , every maximal ideal of B is a t-ideal and so a v-ideal since B is Mori, which is absurd. Hence dim(R) = 1, as desired.
Integral closure of ideals
We start this section with the following well-known lemma that is useful in the sequel. For the convenience of the reader, we include it here with a simple proof. Proof. Let x ∈ I ′ . Then x satisfies an equation of the form x n +a 1 x n−1 +· · ·+a n = 0 where a i ∈ I i . Suppose that x ∈ I. Then I xV and so x −1 I V . Hence
. . a n x 1−n ) ∈ I, which is absurd. It follows that x ∈ I and therefore I is integrally closed. (ii) =⇒ (iii) Let x = a b ∈ qf (R) such that x is integral over R. Then x satisfies an equation of the form x r + a 1 x r−1 + · · · + a r = 0, where a i ∈ R for each i ∈ {1, . . . , r}. If b −1 ∈ R, then x = ab −1 ∈ R. So we may assume that b −1 ∈ R. Set I = bR. By (ii), I = I ′ . Now, multiplying the above equation by b r , we get (bx) r + a 1 b(bx) r−1 + · · · + a r b r = 0. Since bx = a ∈ R and for each i ∈ {1, . . . , r}, a i b i ∈ I i , then bx ∈ I ′ = I = bR. Hence x ∈ R and therefore R is integrally closed. 
From the proof of Proposition 4.2, it's easy to see I ′ = IR ′ ∩ R for any invertible (in particular, principal) ideal I of R. The following example shows that a principal ideal need not be integrally closed. (iii) =⇒ (iv) By Proposition 4.2, R is integrally closed. Now, without loss of generality, we may assume that R is local with maximal ideal M . Suppose that R is not a valuation domain. Then there exists x = a b ∈ qf (R) such that neither
Hence a(1 − m) = g 2 b and so x = g 2 (1 − m) −1 ∈ R (since 1 − m is a unit in R), which is absurd. It follows that R is a valuation domain. 
Generalized Ratliff-Rush closure and integral closure as star operations
In this section, we will extend the Ratliff-Rush closure and the integral closure of ideals to arbitrary fractional ideals and study their links to the notions of star and semistar operations. LetF (R) denotes the set of all nonzero R-submodules of K, F (R) denotes the set of all nonzero fractional ideals of R, i. e., E ∈ F (R) if E ∈F (R) and dE ⊆ R for some 0 = d ∈ R and f (R) the set of all nonzero finitely generated R-submodules of K. We recall that a semistar operation on R is a map * :F (R) −→F (R), E → E * satisfying the following properties for each E, F ∈F (R) and each 0 = a ∈ K:
In the particular case where R * = R, we say that * | F (R) is a star operation on R. A semistar operation * on R is said to be of finite character (or of finite type) if
Definition 5.1. Let R be an integral domain with quotient field K and let I be a nonzero fractional ideal of R.
(1) The generalized Ratliff-Rush closure of I is defined byÎ := {x ∈ K|xI n ⊆ I n+1 , for some n ≥ 1}. Proof. Assume that the Generalized Ratliff-Rush closure is a star operation. Then, by Proposition 2.8, each nonzero nonmaximal prime ideal of V is not idempotent. Conversely, assume that each nonzero nonmaximal prime ideal of V is not idempotent. Claim. For each integral ideal I of V ,Ĩ =Î. Indeed, it suffices to show that
M , by hypothesis, Q is not idempotent. Hence Q = aV Q (since Q is the maximal ideal of V Q ). So xaV Q ⊆ aIV Q = aI (here I is an ideal of (I : I) = V Q ). Hence xV Q ⊆ I and therefore x ∈ I ⊆ V , as desired. Now, we prove the three properties of star operations. Let I and J be nonzero fractional ideals of V and o = a ∈ qf (V ).
(1) (E 1 ): x ∈ aI if and only if x(aI) n ⊆ (aI) n+1 for some positive integer n, if and only if xa −1 ∈ (I n+1 : I n ) ⊆Î, if and only if x ∈ aÎ. (2) (E 2 ): Let o = d ∈ V such that dI ⊆ dJ ⊆ V . By (E 1 ), Proposition 2.8(2) and the claim, dÎ = dI = dI ⊆ dJ = dJ = dĴ. HenceÎ ⊆Ĵ.
(3) (E 3 ): Clearly I ⊆Î and by (E 1 ) and Proposition 2.8(1),Î =Î.
To complete the proof, we prove thatĨ = I v for each nonzero fractional ideal I of V . Since the v-operation is the largest star operation on V , thenÎ ⊆ I v . Suppose thatÎ I v for some ideal I of V . Then I is not divisorial in V . Hence I = aM for some a ∈ qf (V ) and M = M 2 . Since M is idempotent, then M is not divisorial. So M v = V . Hence I v = aM v = aV =Î (note that by (E 1 ) and Lemma 2.2Î = aM = aM = aV ), which is absurd.
Our next theorem asserts that the generalized integral closure on an integrally closed domain is simply the b-operation on R. a ij b j , where a ij ∈ I. Then we get the system AX = 0, where A is the matrix determined by A = (A ij ) with A ij = a ij − δ ij x, δ ij the Kronecker symbol, and X = (b i ). As the system has nontrivial solution, detA, the determinant of A, is zero. Expanding this determinant, x satisfies an equation of the form x r + a 1 x r−1 + · · · + a r = 0, where a i ∈ I i for each i ∈ {1, . . . , r}. Hence x ∈Ī, as desired. Conversely, let x ∈Ī. Then there exists a finitely generated subideal A of I such that x ∈Ā. Then x satisfies an equation of the form x r + a 1 x r−1 + · · · + a r = 0, where a i ∈ A i for each i ∈ {1, . . . , r}. Set J = A r−1 + xA r−2 + x 2 A r−3 + · · · + x r−2 A + x r−1 R. Then J is a f. g. fractional ideal of R and clearly xJ ⊆ AJ. Hence x ∈ A * ⊆ I * and thereforeĪ = I * , as desired. 
